3, DETERMINANTS

INTRODUCTION

Consider two homogeneous linear equations
apx+by =0,
ay+byy =0;
Multiplying the first equation by b,, the second by b,, subtracting and dividing by x, we
obtained

a;b, - azb1 =0
This result is sometimes written as
a
b,
a, b

and the expression on the left is called the determinant.

A determinant also is an arrangement of numbers in rows and columns but it always has
a square form and can be reduced to a single value. Therefore, a determinant is distinct from
matrix in the sense that the determinant is always in square shape and it has a numerical
value. The arrangement of the numbers of a determinant is enclosed within two vertical
parallel lines.
Order of a Determinant

The determinant of a square matrix of order » is known as determinant of order .

DETERMINANT OF ORDER TWO

Leta, |, a5, ay,,a,, be any four number (real or complex). Then
ay by
ay by

represent the number a,, a,, ~a,, a;, and is called a determinant of order two.

4] =

For example

5 2
41 =]; | =O)D-0)@
=_35-6=-41



Determinants

DETERMINANT OF ORDER THREE

a1 A2 A3
Let 4] =\ay ayp an
@3 dazp 433
is called a determinant of order 3 and its value can be obtained as follows:

_ ayy 4y @) ax a4y axp
4] =ay, —aj + a3

a3y a3

=ay, (aya33— a3,053) — a 15 (aya33— a3,053) + 443 (ay,055— a31a),)

as; a3

2 3 5
For example, |4 =[-1 2 3

4 -2 1

2 3 -1 3 -1 2
=2 -3 +4

-2 1 4 1 4 2
=22 +6)-3(-1-12)+4(2-8)
=16+39-24=31

Remarks

91

e The value of a determinant is not changed if it is expanded aldng any row or column.

¢ When no reference of the corresponding matrix is needed, we may denote a determi-

nant by D.

e The determinant of a square zero matrix is zero.

SOLVED EXAMPLES

a -sina
Example 1: Find the value of | A | if A is given by cos s

sina cosca

. cosa —singa
Solution: |4]|=

sineg cosc

=coszoc—(—sin20c)=cosza+sin2a=1.
1 o
Example 2: Find the value of .
0 -0
1 o
Solution: | 4 |= } = p-0’=—(0+od)=(1=1.
a) —_—

Example 3: Solve forx :
x 3
S 2x

5 -4
5 3
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] x 3 ‘5 —41
Solution: We have =
5 2x 5 3
= 22 —15 =15+20
= 2%=50 = x*=25= x=%5.
a h g
Example 4: Findthevalueof |h b f].
g f ¢
a h g
Solution : Let A=ih b f
/e
We expand A along first row, we get
a=acip|® f‘+h(—l)3h f+g(—1)4 § bl
f e g ¢ g f

=a(be-f*)—h(he—fg)+ g (hf- b)
=abc - af? — ch* + fgh+ fgh + fgh— bg*
= abc +2fgh— af - bg2 —ch?
0 1 secB
Example 5: Find the value of | tan® —sec® tan®

1 0 1
0 { sec 6
Solution: Let A= [tan® -sec6 tan6
1 0 1
expand along R,
A0+ (_])3 tarll 6 tan® + secB(=1y* ta1119 ~s(e)ce

=—(tan 6 —tan 6) + sec 8 (0 + sec 0) = secB(O+sec9)=sec29.

kW CO-FACTORS AND MINORS OF ANELEMENT

If in the expansion of a determinant | @,/ all the containing a;asa factor, are collected and
their sum a is denoted by a;; A,.j then the factor 4 i is called the co-factor of the element a,.
Hence, in a determinant of order »

n
layl =ay A +tapdy+..ta,A,= Z:‘GUAI‘J’
=
Now, let Mij be the (1 —1) x (n—1) sub-matrix of | a; |, x » Obtained by deleting the ith row
and jth column. Then |Mij§ is called the minor of the element a;;the determinant |a;| of order n.
Thus we can express the determinant as a linear combination of the minors of the elements of
any row or any column.



Determinants 93

Remark
e (= 1)*/is 1 or-1 according as ¢+ is even or odd
Ay and M, coincides if i +j is even and if / + is odd then we have 4 =M

SOLVED EXAMPLES —

Example 1: Find the minors and cofactors of elements of the determinant

5 —2‘

Solution: Minor of the element a,, is M, =[7|=7
Minor of the element ay, is M|, =3
Minor of the element a,, is M,, =-2
Minor of the element a,, is M,, =5
Hence, 4, = ()" M, =7
4),= D'*? M, =-3
Ay =P My =2
Ap= 1> My =5
Example 2: Find all the minors and cofactors of the elements in following determinants
4.3 1
1 3 2
215
Solution : Here a;; =4a;,=3a;;=1
ay =lap=3ay=2
a3 =-2a5=la;;=5

32 1 2
M, = =15-2=13 M= =5-4=1
15 25
Mo =" |=126=-5 M '3 1‘=15—1=14
13 21 21 15
m, =" Nezo2=18  m, = Y -4-6-—2
22 25 23 21
M, =] Y-6-3=3 M. '4 1|=8—1=7
31 3 2 32 1 2 .
M, =" J=12-3=0,
33 1 3
The co-factors are
Ay =DM M =1x13=13 Ay =DM =—1x1=—1
Ay =DM =1x(=5) =-5 Ay =P M, =—1x14=—-14
Ay =1 My, =1x18=18 Ay =1 Myy=—1x(-2)=2
Ay =DM =1x3=3 Ay =My =—1x7=-7

Ay =12 My =1x9=9.
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Example 3: Find the minor and co-factors of elements of the following determinant

2 3 5
6 0 4
1 5 -7
Solution: We have
0 4
M, = 5 9 =0-20=-20 A, =-20
6 4
M, =‘1 _7‘ =-42-4=-46 A,,=46
6 0
M ;= . 5‘=30~0=30 A,3=30
M, = s 7 =21-25=-4 Ay =4
My, = _ =-14-5=-19 Ay =—19
2 -3 B B
My = L s =10+3= 13 Ayy=—13
My, = 0 4 =-12-0=-12 Ay =-12
2 5 B B
M, = 6 4" 8§-30=-22 Azy=22
M33—6 =0+18= 18 Az =—18.

Example 4: Write the co-factors of elements of the second row of the following determinants
and hence evaluate them

1 a bc
1 b ca
1 ¢ ab

Solution: Let A=l b ca
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: a}=—(c—a)=a—c
1 ¢

A= —(a*b—bc*)+b(ab-bc)+ca(a-c)
=b - b+ ab*— b c+ad* ¢ —ac®.

X3 PROPERTIES OF DETERMINANTS

Theorem 1: The value of a determinant does not change when rows and columns are
interchanged.

a b ¢
Proof:Let|4|=|a, b, c,|beadeterminantoforder three.
a by ¢
Expanding | 4 | along the first row, we get
|A| = a; (byc3—bycy)— b (ayc3—asey) + ¢y (ayh;—azb,)
=y (byc3=bsycy) —ay (b3 —aze) + a3 (byey —byey)

(by rearrangement of terms)

q 0 &
=& b b
Cl Cz C3

Hence, the theorem is proved.

Theorem 2; If any two rows [or columns] of a determinant are interchanged, the sign of the
determinant is changed.

aq b ¢
Proof:Let |4 |=]a; b, c,| beadeterminant of order three.
a by o
Expanding | 4 | along the first row, we get
|A] = a, (byes~bycy)— b (ayeq—azcy) + ¢ (ayby— a3b,)

== {ay (byc;—b,cy) = by (ayc; —ajc,) + 3 (ayb) —a;b,)}
(by rearrangement of terms)

G a @
==\ by B =(-1)|4]
g €6 G

Theorem 3: If two rows or two columns of the determinant are identical, then the value of
the determinant vanishes, ie.,

aq b g
l A |= a2 b2 C2 =,
aq b ¢
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Proof : We have | 4 | is a determinant of order 3 whose first and third row are identical. If we
interchange the two identical rows, then obviously there will be no change in the value of
| 4 |. But by theorem 2, the value of 4 is muitiplied by —1 if we interchange two rows. Therefore,
we get
l4|=—14
2|A|=00r|4]=0

Theorem 4: If all the elements of any row, or any column, of a determinant are multiplied by
the same number then the determinant is multiplied by that number.

4y G2 - Gy
Proof:Let| 4 |= @ @2 Bnl e o determinant of order
Ay Gp2 o Gy
may, a4y .. a,
We have M G e O =ma, A; +ma, A+ ... ma, A, =m|A)
ma, Gy ..

(where 4, A,...4,, be the cofactor of elements a;,, a;,, ... ,, of ithrow of | 4 |)
Theorem 5: If in the determinant, the elements of a row are added in and m times the
corresponding elements of the another Fows (or column), the value of the determinant does
not change in particular,

a +mb +nc b ¢ o b g
ay +mby +nc; by o =0, by o
az+mby +nc; by o .G3 by o
Proof : We have
a+mb +ncg b ¢ a b ¢ mb b | |no B ¢
ay+mby +ncy, by cyj=lay by cy|+|mby by cy|+inc, by o
ay+mby+ncy by o3l laz by ¢y imby by o3| ney By o
aq b ¢ b b ¢ a b ¢
=lay by cyl+mlby, by, cyl+njcy by o

a by o by by ¢ G by oo
(By theorem 4)
aq b ¢
=lay by, c|+m(0)+n(0) (By theorem 3)
a by o
a b ¢
=@ b o

a by &
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E{ SOLVED EXAMPLES F__E

Example 1: Evaluate the following determinant

3 =2
4 5 ’
Solution: We have | 4 | = i Tl =3x5-4x(=2)=15+8=23
Example 2: Find the value of the determinant of the matrix
1 2 3
A=12 3 1
31 2
1 23
Solution: We have 4] =12 3 1
312
On expanding the determinant along the first row, we get
-1 3 1_22 1+32 3
1 2 3 2 31
=1.(6-1)-2.(4-3)+3.(2-9)=-18
4 1 4
Example 3: Evaluate the determinantof |0 1 0].
1 21
4 1 4
Solution: Wehave |4 =10 1 0
1 21
On expanding the determinants along first column, we get
10 1 4 }1 4
=4 -0 +
2 1 2 1 10
=4(1-0)-0+1(0-4)
=4-4=0.
Example 4: Show that:
1 x y
0 cosx siny| =cos(x+y)
0 sinx cosy
1 x y

Solution: Wehave |0 cosx siny
0 sinx cosy
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On expanding the determinant along first column, we get
X y
sinx siny

y
cosXx cosy

cosx siny

sinx cosy
= €08 X €OS y — sin x sin y = cos (x + )
1 1 1
Example S: Showthat |1 1+x 1 | =xy
1 1 I+y
i 1 1.
Solution: Wehave LH.S.=1 1+x 1
1 1 1+y
Applying C, — C, and C; — C, in the given determinant, we get
1 00
=11 x 0
1 0 y
On expanding the determinant along the first row, we get
x 0 10 1 x
0 y 1 0
Example 6: Without expanding, show that
b-c c—a a-b

=1 !—o‘ =xy=RHS.

:

c-a a-b b-c|=0

a-b b-c c-a
Solution: We have

b-—c c-a a-b| |0 c-a a-b

c-a a-b b-c|={0 a-b b-c

a-b b-c c-a [0 b-c c-a

(Operating C; — C, + C, + C;, we get) =0

Example 7: Without expanding, show that
b2c? be b+ec
?a® ca c+a =0
b’ ab a+b

Solution: Consider

b%c® be b+c b*c> bc b+c
abc

?a® ca c+al=—|c*a® ca c+a

2,2 abe 2,2

ab® ab a+b ab® ab a+b

(Multiplying R, by a, R, by b and R, by ¢)
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ab*c®> abc ab+ca
= i bc*a® abc bc+ ab (Take abc out from C, and C,)
ca’b® abc ca+be
be 1 ab+ca
- “b:l')‘;bc 1 bc+ab
ca 1 ca+bc
bec 1 ab+bc+ca
=abc |ca 1 ab+bc+ab (Operate C; > C; +C))
cb 1 ab+ca+bc
be 1 1
=abc(ab+bc+ca)lca 1 1
¢b 1 1

=abc(ab+bc+ca)yx0=0
x+] x+2 x+a
Example 8: [fa, b, careinA.P. provethatx +2 x+3 x+b =0
x+3 x+4 x+c
Solution: Given q, b, ¢ are in A.P. therefore a+ ¢ =2b
=a+c-2b=0
Operating R,— R, + R; - 2R,, we get

x+1 x+2 x+a 0 0 a+c-2b

x+2 x+3 x+bl=x+2 x+3 x+b

x+3 x+4 x+c¢ x+3 x+4 x+c
0 0 0

=lx+2 x+3 x+b/=0

x+3 x+4 x+c
Example 9: Prove that

a b c 111
@ b FCl=abcla b ¢ =abc(a—b)(b—c)(c—a)
@ v S aZ Bl
a b ¢ 1 1
Solution: We have | 4 |= @ b ?|=abe b ¢
@ v S &
1 1
Now again A} = abc b ¢
b P
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Applying C, - C, and C; - C,, we get
1 0 0
=agbc|a b-a c—a
@ B -a* *-a
On expanding along the first row, we get

b—a c—a
B2_a? A_g?
= abe [(b-a) (P~ a) - (> - a®) (c—a)]
=abc[(b-a)(c-a) {(c+a)-(b+a)}]
=abc(b—a)(c-a)(c+a-b-a)

=abc(a-b)(b-c)(c—a)

=abc

Example 10: Prove that

a+b+2c a b
c b+c+2a b =2(a+b+c)3
c a cta+2b
a+b+2c a b
Solution: Let |A|= c b+c+2a b
c a c+a+2b
Adding C, and C; in C;, we get
2(a+b+c) a b
=[2(a+b+c) b+c+2a b
2(a+b+c) a c+a+2b
1 a b
=2(a+b+c)|l b+c+2a. b
1 a c+a+2b
Applying (R, — R)) and (R; — R)), we get
1 a b
=2(a+b+c)|0 b+c+a 0
0 o ct+a+b

On expanding the determinant along the first column, we get
b+tc+a 0

0 atb+c
=2(a+b+c)(a+b+c)
=2(a+b+c)

=2(a+b+c)
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Example 11: Prove that

I+a 1 1
1 1+b 1 | =abc (1 + —1— + —I- +—]-j [UPTU B. Pharma 2000, 06]
11 I+e a b e
Solution : Operating C,— C; — C; and C, - C,— C;, we get
l+a 1 1 a 0 1
1 1+6 1 |=/0 b 1
1 I 14¢ |-¢ - 1+c
=a[b.(1+¢)—(-c). 1]+ 1[0.(~c)~(—) b]
=a(b+bc+c)+bc
=abc+bc+ca+ab=abc(1+l+l+-l—)
a b ¢
Example 12: Prove that
a-b-c 2a 2a
26 b-c-a 2b |=(a+b+¢)f
2c 2c c—-a-b
Solution: Operating R, — R, + R, + R,, we get
a-b-c 2a 2a a+b+c a+b+c a+b+c
2b b-c-a 26 (=1 2b b-c-a 2b
2c 2c c—a-b 2c 2c c-a—b

[Take (a+ & + ¢) out from R, ]
1 1 1
=(a+b+c)2b b-c-a 2b
2c 2c c—a-b
(Operate C; -» C,—Ciand C; —» C; - C))
1 0 0
=(a+b+c)|2b -b-c-a 0 (expand by R,)
2c 0 a-b-c
=(@+b+c)l(~a-b-c)(-a-b-c)=(a+b+c)’
Example 13: Without expanding the determinant, show that

0 b -
-b 0 al=0. [UP TU B. Pharma 2001}
¢c -a 0
0 b -

Solution: LetA=|-b 0 a
¢c -a 0
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By changing columns into rows:

0 -b ¢ 0 b —
A=|b 0 —q=(-D-b 0 a
- a 0 ¢c —-a 0
(taking (—1) Common from each column)
=(1P A=A
2A =0orA=0.
Example 14: Without expanding the determinant, show that
1 a bc 1 ad

1 b cd =|l b V| andevaluate it
1 ¢ ab 1l ¢ c2

[UP TU B. Pharma 2001, 2008}

1 a b
Solution: LetA=(1 b ca
1 ¢ ab
Multiplying the 1st, 2nd and 3rd rows by a, b, ¢ respectively. We get
a a* abc a a1
1
A=— b B bed =% B 1
abc abc
c ¢* abc c ¢? 1

Taking abc common from 3rd column
al a
=1b

c

1 5 applying C, > C;
1

1 a &
=1 b b%| applying C, < C,.

1 ¢ ¢

applying R, - R, ~ R, and R, > R; - R|, we get
1 a a*
b—a b*-d

c—a 02—02

A=0 b-a b -d* =

0 c-a c*-a?

on expanding the determinant along C,

1 b
~b-ayc-ay| ¢
1 ¢c+a
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taking (b — a) common from R, and (¢ - a) common from R,
=(b-a)(c-afcta-(bta)=(b-a)(c-a)(c-b)
=(a-b)(b-c)(c—-a).

Example 15: Without expanding the determinant show that (a + b + ¢) is a factor of
following determinant.
a b c
A=b ¢ a [UPTU B. Pharma 2003)
c a b
Ifa b, and c are positive and unequal, show that the value of A is always negative.

Solution: Applying C; — C;+C;, we get

a+b+c b ¢ 1 b ¢
A=la+b+c ¢ al=(a+b+c)il ¢ a
a+b+c a b 1 a b
1 b c
=(a+b+c)|0 ¢c-b a-c
0 a-b b-c
Applying R, > R,~R|, Ry —> R;— R,
c-b a-c
~(atbo) a-b b-c

=(a+b+0) {~(b-c)’—(a-b)(a—c)}

=(a+b+c)(—a2—b2—cz+ab+bc+ca)
Thus (a + & + ¢) is 0 factor of A. Now we shall prove the next part.
we have A= (a+ b + ¢) (<> —b’~c* + ab + bc + ca)

= _.;_ (a+b+c) (2a2+2b2+2c2—2ab—2bc—2ca)

= —2 @b+ 0) (@ b7+ (b-cP+ (c- )]
<0, since a, b, ¢ are positive and unequal. Therefore, the gives determinant is always
negative if a, b, ¢ are positive and unequal.
Example 16: Show that
a b c
a-b b-c c—a|=d+b +-3abc
b+c c+a a+b
Solution: Operating R, — R, — R, and R; — R; + R, we get
a b c a b c
a-b b-c c-al= -b —c -a
b+c¢c c+a a+bl la+b+c a+b+c a+b+c
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[Take (a+ b+ c) out from R, and (~1) from R,)

a b ¢
=—(a+b+c). |b ¢ a| (expandbyR,)

1 1 1
=—(a+b+¢c).[1.(ab-cD) - 1(@-bc)+ 1. (ca-bH)]
=~(a+b+c).(ab+bc+ca—a2——b2—c2)
=—(a+b+c).(a2+b2+c2—ab—bc—ca)
=&+ b+ —3abc

Example 17: Find the value of x if

3+x 5 2
1 7+x 6 | =0
2 5  3+x
3+x 5 2
Solution: We have 1 7+x 6 | =0
2 5 3+x

Applying (R,— R;), we get
N+x 0 -1-x
1 T+x 6 | =0
2 5 3+x
Applying C; » C3 + C|, we get
I+x 0 0
1 74+x 7 ;=0
2 5 S+x
On expanding the determinant along the first row, we get
(1+2) T+x 7 -0
5 S5+x
(1+x)[(7+x)(5+x)-35] =0
or (1+x) (*+12x) =0
x(1+x)(x+12) =0
x=0,-1, —12.

Example 18: Evaluate:

3 2 1
15 29 2 14
16 19 3 17

23 39 8 38

14|
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Solution: Applying C, - C, -3C,, C, - C,-3C;, C; — C,—4C;, we get
0 0 10

9 25 26

1713 35
9 23 8 6

On expanding the determinant along first row, we get

9 25 6

=1{7 13 5

9 23 6

4]

Applying R; = R|— R,, we get
0 2 0
=117 13 §
9 23 6
On expanding the determinant along the first row, we get
75
9 6
Example 19: Using properties of determinants, solve the following determinant for x.

=-2 l =_2(42-45)=6

a+x a-x a-x

a-x a+x a-x

a-x a-x a+x

a+x a-x a-x

Solution: Given |[a~x a+x a-x|=0 (operate C; = C, + C, + Cy)
a-x a-x a+x
3a-x a-x a-x
= 3a-x a+x a-x| =0
3a-x a-x a+x
1 a-x a-x
= Ba-x)[1 a+x a-x| =0 (operate Ry —> R, ~ R, Ry = Ry~ R))
1 a-x a+x

a-x a-x
= Ba-x){0 2x 0| =0 (expand by C,)
0 0 2x
2x 0
= (3a-x). 1. 0 2x =0

= (3a—x). (4x*-0) =0
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= 4x2(3a—x) =0
= x2=00r3a—-x=0
= x=0,0,3a

Hence, the values of x are 0, 0, 3a.
Example 20: Using properties of determinants, prove that

I 1 1
a B y|=(@-BP-Y(r-o
By v oB
Solution: Operate C, — C,-C,and C; > C; - C,, we get
1 1 1 1 0 0

a B yv|=|la B-a y-o
By ya ofl By v(x-P) Bla-y)
(Take (o~ §) out from C, and (y ~ ) out from C;]

1 0 0
=(a-B)@y—-a)ja -1 1] (expandbyC,)
By v -B
-1 1
=(@-B)(y-0).1. ’ l

Yy B

=(@-B) - (B-7)
=@-B)B-N-o
Example 21: Prove that

a+1 ab ac
ab B +1 be | =1+ +B+

ac be P+l

@ +1  ab ac

Solution: Wehave |4 |=| ab b2+1 b

ac bc ¢ +1
Now multiply the column 1%, 2" and 3™ by a, b and c respectively, we get
a(a2 +1) ab? ac?
|A|=;71)—c- @b b +1) b
a’c b2c (c(c:Z +1)
To take a, b, c common from 1%, 2" and 3™ rows respectively, we get
a+1 b 2
= —Z%% @ sl P

a’ |
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Now apply C, - C, + C, + C;, we get
a+ b +c?+1 b? 2
=+ +2+1 PP +1 2
A+ +ct+l b P4l
1 B c?
= @+b2+ct+ )|l b2 +1 2
1 » P4l
- Now applying R, - R, - R, and R; - R; — R,, we get
10
=(a,+b,+c,+1
(ay+by+ ¢y )IO 1‘

=a2+b2+c2+1
=a,+tby+c,+1

b+c c+a a+b a b c
Example 22: Provethat |q+r r+p p+q|=2lp q r
y+z z+x x+y X y z

Solution: We have
b+c c+a a+d
LHS.=lg+r r+p p+gq
y+z z+x x+y
Applying C, - C, + C,—2C,, we get
2c c+a a+b ¢ c+a a+b
=12r r+p p+q =2\r r+p p+g
2z z+x x+y z z+x x+Yy
Now applying C, - C, - C,, we get
c a a+b
=2\r p p+tgq
z X x4y
Applying C; — C; - C,, we get
c a b a b c
=2{r p q|=2|p g r| (bylInterchangingthe columns)=R.H.S.
z x y X y z

2

x x2 I1+x

Example 23: If x,y, z are all different and |y yz 1+ y3 =0

z 22 1+23

show that xyz = — 1.

107
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x x* 1+x°

Solution: Given y y° 1+ y3 =0

x 22 1 |x x? x°
= y ¥ +ly ¥ Y| =0
2 2 3

z z¢ 1 |z z¢ =z

[Take x, y, z out from R, R, and R, respectively from the second determinant]

1 x x? 1 x x?

= 1 y y2+xyzl y y2 =0

2 1 2z 22

1 z =z

1 x x°

= 1 y »*| (1+x2)=0

1 z 22

= (x~-y).y-2).(z-x). (1+xyz) =0

= (1+xyz) =0
(Because x, y, z are distinct, sox -y #0,y~z#0,z—x#0).
= xyz =—1

Example 24: Evaluate the value of x for which
4x  6x+2 8x+1
6x+2 9x+3 12x |=0
8&+1 I2x 16x+2
4x 6x+2 8x+1

6x+2 9x+3 12x =0

Solution: We have =
8x +1 12x  16x+2

Applying (Cz -G, —%Clj and Cy = C; - 2C,, we get

4x 2 1
6x +2 0 -4{ =0
8x+1 -3/2 0
Now applying R, = R, +4R,
' ax 2 1
= 2x+2 8 0 =0
8x+1 -3/2 0
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On expanding the determinants along 3 column, we get
2x+2 8 l
=0

8x+1 -3/2
= —-33x-3-64x—-8 =0
-11
or 97x=1lorx = —

97
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Example 25: Without expanding show that the value of the determinant given below is zero

sina, cosa sin(a +8)
sinf cosB sin(B+96)
siny cosy sin(y+39)
sinae cosa sin(a + 3)
Solution: LetA= |sin} cosB sin(B + &)
siny cosy sin(y+9)
Using sin (4 + B) =sin A cos B+ cos 4 sin B
sina cosa sinacosd + cososind
A =|sinB cosB sinfcosd + cosPsind
siny cosy sinycosd + cosysind
sina cosa 0
= |sinf cosp 0 Using C; — C;(cos 8) C; —(sin8) C,=0
siny cosy O
Example 26: Show that
(b+c)? a® be
(c+aP b cal =@+ +F)@a+b+c)b-c)(c—a)(a-t

(a+b)2 2 ab

(b+ey & be
Solution: Let A =|c+a b ca
(a+b)? 2 ab
Applying C; — C,-2C;, we get
2+ +a* a® be
=2 +a*+b b ca

@ +b+? P oab

Operating C; — C, + C,, we get
1 & bc

=@+ +A) | B ca

1 &2 ab
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Operating R, - R, — R, and R, > R; - R,
1 a® bc
=@+b*+cH |0 b*-a® (ca-bc)
0 *-d° (ab-bc)

1 & be
=@+b+H(b-a)c-a)|0 b+a -

0 c+a -b

R;—> Ry—R,, we get

1 & bc
=(a2+b2+c2)(b—a)(c—a) 0 b+a -

0 c-a c-b

1 a* be

=@+ +D(b-a)(c-a)(c-b) |0 b+a —
0 1 1
Expanding along first column, we get
A=@+B*+ D) (b-a)(c—a)(c—b)(a+b+c)
Example 27: Show that
a+b b+c c+a a
b+c c+a a+b =2 |b
c+a a+b b+c c

Qo o
o R o

a+b b+c c+a
Solution: Let A=|b+c c+a a+b
c+a a+b b+c
Applying C; - C;+ C, + C;, we get

2a+b+c) b+c c+a
=2(a+b+c) c+a a+b
2a+b+a) a+b b+c

a+b+c -a -b
=2la+b+c -b —clApplyingC, > C,-C,C; > C;-C,
a+b+c - -al
a+b+c a b
We get =2-)(Dja+b+c b ¢
a+b+c ¢ a
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Applying C; - C,~ C,— C;, we get

¢c a b
=2la b ¢
b ¢ a
a ¢ b a b ¢
=2 a ¢ (C;>C)=2} ¢ a
¢c b a ¢ b a

Example 28: Ifa, b, ¢ (all positive) are the pth, qth and ¥ terms respectively of a geometric
progression, show that

loga p 1
logb ¢ I} =0
loge r 1
Solution: Consider the terms of G.P. which are 4, AR, AR? peres
a =T,=AR""
b =T, =AR?"
¢ =T,=AR""

loga p 1 |logAR? T op
Consider{logh g 1 log AR ¢ 1
loge r 1| llogar™ » 1

i

logA+(p~-DlogR p 1
=llogAd+(g—DlogR ¢q 1
logA+(r-)logR r 1

logd p 1| |(p—-DlogR p 1
=|logd q 1|+{(g—DlogR ¢q 1
logd r 1} {(r=DlogR r 1

1 p 1 p-1 p 1
=logd |l g 1l+logRlg-1 q 1
I r 1 r=1 r 1

p pl
=logdAx0+logR|q q 1i=0+logRx0=0
r r 1
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EXERCISE 3.11F—————_—___——=—=

Evaluate the following determinants (1 to 7):

1

12 8 2|7 _39|
4 2

A *-x+1 x-1 4 165
x+1 x+1 6 21
31 -4

7.3 2 5
11 3

cos® —sin0

sin®@ cos@

23 12 11
6. 136 10 26
63 26 37

write the minor and co-factor of each element of the following determinants and also
evaluate the determinants in each case (§ to 11):

s _10 1 3 =2
of s
3 5 2
00 1 0 4
010 1.3 5 -1
00 01 2
x+1 x+2 x+4 1 a bc
12.Evaluate [x +5 x+6 x+8 13.Evaluate{l b ca
x+7 x+10 x+14 1 ¢ ab
x+h x X b+c a a
- 14,Evaluate | x x+i x 15.Evaluate { 6 c+a b
X X xX+A c c a+b
1 x x2
16.provetmat || ¥ 7 (=) (x—y) (- %)
1 z 22
-a* ab ac
17.Provethat | ba -b>  bc| = 4dPb’c?
ac  be —c?
x y* yz
18.Provethat |y y? zx| =(x—y) (¥ —2) (z—x) (xy + yz + zx)
z z* xy
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19. Using properties of determinants, prove that

y+z x y
zZ4+x z X =(x+y+z)(x—z)2
X+y y z
20. Using properties of determinants, prove that
a-b-c 2a 2a
26 b-c—a 2b |=(a+b+c)
2¢ 2c c—a-b

21. Solve the following determinants
x-2 2x-3 3x-4
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x—4 2x-9 3x-16/=0 [UP TU B. Pharma 2007]

x-8 2x-27 3x-64
22, Prove that using properties of determinants

1+ a* - b? 2ab -2b
2ab 1-a® +b? 2a | =(1+dP+b?)
2b -2a 1-a%-b?

23. Prove that

x X 1+px3

y ¥ 1+ pl = +p0z) (x=») (r-2) z—)
2

z z¥ 1+ pz3
24. Prove that using properties of determinants
3¢ -a+b -a+c
-b+a 36 -b+c|=3(a+b+c)(ab+bc+ca)
—-c+a -c+b 3c
25, Prove that
sina cosa cos(a +8)
sinfB cosB cos(B+8)] =0
siny cosy cos(y+98)

HINTS TO THE SELECTED PROBLEMS

] 1728 -1><2 8§x4=1-32=-31
i s 273 - -31.
0 -sin0
3. We have ©08 s =cos?0+sin°0=1.

sin® cos6



114 Remedial Mathematics

4. Onexpanding,weget:>(x2—x+1)(x—1)—(x—1)(x+1)
=(x-1)(2-x+1-x-1)
=(x—1)(x*-2%)
=x3 - 2x% —x*+2x
| 4] =x° —3x? +2x
1 0 6 1 0 3.2 1 0 2
5.141=3 4 15/=13 4 35 =33 4 5
56 21 |56 37 56 7
1 0 2 1 0 2
=33 22 5|=6|3 2 5| =6[(14-15)+2(9-10)]=-18.
5 23 7 53 7

i

0 3
Minor of the element a, , is M, =[3|=3.
Minor of the element a,, is M|, = 0.

Minor of the element a, | is M, =-10.

Minor of the element a,, is M,, = 5.

Hence cofactors are as 4, = (—1)1” M, =3
A = D' M,,=0
Ay =DMy =10
Ay = 1) My=5

5 -10
|4] = =15-0=15.
0 3

) -5 6 . 4 6
9. Minorofa, = 5 2 =—40 Minor of g, = 3 2 =-10
4 -5 3 2
Minorofa ;= =35 Minor of @, = =16
3 5 5 2
. 1 -2 . 1 3
Minor of a,, = 3 2 =8 Mxnorofa23= 3 s =_4
. 3 2 . 1 2
Minor of a,; = s 61 =8 Minor of a,, = 4 6 ‘ =14
. 1 3
Minor of ay3= 4 s =-17

Now Cofactors are:
A“=(—1)1+;M” =40 4, =(—1)j+1 My =8

_ + - _ +2 —
A=CDPML,=10 A=) My, =14
Ap=CEDPM =35 Ay =12 My,=-17.



12.

13.

14,

17.

18.
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Ay =D My =16

A=Y M,,=8

Ay =(-1 > My=4

Applying the following operations and then expanding R, — R; — R, R, > R,-R,
and C; —» C;-C},C, > C,-C,.

Applying R, —> R, — R, and R; — R; — R|. And expanding along a,, we get the-
required result.

Applying R, > R, + Ry + R;.

Then C, — C,~C; and C; > C; ~ C, and expanding, we get the required result.
Taking a, b, c common from the first, second and third columns respectively, we get

-a a a -1 1 1
A=abc|b -b b|=d* 2|1 -1 1
c ¢ - 1 1 -1

1%,2" and 3™ row respectively.
-1 1 1
=’ |0 0 2 applying R, > R, + R,, R; > Ry + R,
0 20
=a?b%? (- 1) (-4) = 4Pb%.
Multiplying the first, second and third rows of the determinant on the L.H.S. by x,
y and z respectively. We get,

Taking a,b, c common from

* P xz

1
=—x;y2 Yy oz
22 3 x})z

Applying C, — C, - C;, C; = C; — C|, to the determinant. We get

1 0 0

T e N R

R R P
O-x)(y+x) (z=x)(z+x)

(y—x)(y2 +xy+x2) (z—x)(z2 +zx+x2)

y+x zZ+x

I

¢—x)(z-x)

Y +xy+x? 2%+ ox+x?
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[Taking (3x) common from the first column and (z —) from the second column]
Now Applying C, — C, - C,

y+x z—-y
We get =>-x)(z—x)

y2 +xy+x2 (22—y2)+zx—xy

y+x zZ—-y -

=(-x)(z-x)

y2+xy+x2 E-y)x+y+2)

+x 1

=(-x)(Ez-x)(z-y)

V4 +x? x+y+z
=(x-y»)(r-2) -x) (xy +yz +zx).
20. Applying Ry > R, + R,y + R,
C,—>C-C,
C; — C, — C, we get the required result.
21. Applying R, = R, - R, Ry - Ry - R|, the given equation becomes

x-2 2x-3 3x-4
-2 -6 -12 | =0.
-6 24 60
x-2 2x-3 3x-4
or| 1 3 6 | =0.
1 4 10

Expanding the determinant along the first row, the above equation becomes:
(x—2)[30-24]1«(2x-3)[10~-6] +(3x—4) (4 -3)=0
6x—12-8x+12+3x-4=0, x=4

x  x? 1+px3 x x| |x i px3

23. 1y ¥ 1+p|=ly » U+|y ¥
z z° 1+pz3 z z% 1 2

N
N
o]
N

x x° 1 1 x px

=y y° l+xyzl y py

=y y° H+pxyzl y y

=11y yl+poyzll y y




10.

11.

12.
14,

Determinants

1 x x?

=(l+pwz)|l y »*

1 z 22

=1 +pxyz) (x-y) ¢ —2z) (z—x).
sina coso cos{(a+3) [sino cosa cosccosd—sinasind
25, [sinfB cosP cos(B+3)| =|{sinB cosp cosPcosd-sinfsind
siny cosy cos(y+9) siny cosy cosycosd—sinysind
Applying C; — C; + (sin 8) C,—(cos 8) C,. We get
sinae cosa O
sin cosB 0O =0.
siny cosy 0

ANSWERS
-31 2. 6 3.1 4. X-x*+2
-18 6. 0 7. 49

M, =3,M,,=0,M,,=-10,M,,=5
A =3,4,,=0,4,,=10,4,,=5,15

M, ==480, M,y =-10, M3 =35, My, =16, M,, =38,
Myy=—4, My, =8. My, =14, My =—17

Ay =—40,4,,=10,4,,=35,4, =—16,4,, =8, 4,,=4
Ay =8, Ay =14, 45,=~ 17,80

My =1,M,,=0, My3=0, My =0, My =1, My =0,
My =0, My, =0, My;=1

Ay =1,415=0,4)3=0,45,=0,4,=1,4=0

A3 =0,A5=0,A3;=1;1

My, =11, M, =6,M,3=3, My, =4, My =2, My, =1,
My, =—20, My, =—13, My, =S5

A =11, A1=6,4,3=3, Ay =4, 45y =2, Ay =—1,
Ay, =20, Ay =13, 43, =5;23

-24 13. (a-b)(b-c)(c—a)

A2 (3x+2) 15. 4 abc 21. x=4.

CRAMER’S RULE

Consider the system of linear equations

ax+by+cz =d,
ayx+by+cyz =d,

117
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ayx+by+cyz =dy (1)
We define A = determinant coefficients
o b ¢q
=la, by ¢,.
@& b oo

Now we define A, which is obtained by suppressing the column of coefficients of x and
replacing it by the column of constant terms d,, d,, d, on right hand side

4 b ¢
A =ld by o
dy by
Similarly, we obtained
a d ¢ aq b 4
Ay = 02 d2 C2 andAz= a2 b2 d2 .
ay dy ¢y ay by dy

Now
Case I: If A # 0 solution of system (1) is given by

Ay y:.A_Y_,Féi

X = —,
A A A

and system is called consistent.

Case II: A = 0 but at least one of A, Ay, A, # 0, then the system does not posses any
common solution and system is called inconsistent.

CaseIll: A=0,also A, =A =A_ =0 and at least one cofactor of A # 0, then system has
infinitely many solution and the system then be solved by elimination method.
Elimination of one unknown from three equations gives any one equations in two

unknowns therefore two unknowns can be found in terms of the other, we give this unknown
an arbitrary value.

If A= Ax,='Ay = A, = 0 and all cofactor of A, Ax, Ay and Az are zero then system is

equivalent to only one equation in three unknowns and then we give any two unknowns
arbitrary values and find the remaining unknown in terms of three constants.

SOLVED EXAMPLES =

Example 1; Using the Cramer s rule, solve the following system of equations
x+y-4=02x-3y-8=0.
Solution: The given equation is

x+y—4 =0 (1)
2x-3y—-8 =0. -(2)
11
Here, A =| |=—5¢0
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a =l ‘}=_15
* 3 -3
A =|‘ 4|=_5.
Yo12 3
.. By Cramer’s rule
x=%"=3,y=fy=1

Example 2: Show that the system of equationsx +y—2=0.2x + 3y-5=0,4x-y—-3=0
is consistent. Find the solution using Cramer s rule.
Solution: The given system of equation is

x+y-2=0
2x+3y-5=0
4x—-y-3=0
is consistent (i.e., have common solution), if the determinant
1 1 =2 1 0 0
A*=2 3 -5/=0ie,[2 1 -1=0.
4 -1 3 4 -5 5

LA=5-5= 0, hence the system is consistent, so it is sufficient to solve any two
equations by Cramer’s rule.
Let us consider equation (1) and (2)

L
2 3
A= Yo6os=1
* 5 3
A=t A =s5_a=1
y s
x=AA—x=1y=éA¥—=l

Hence the required solution is givenbyx =y = 1.
Example 3: Solve the following by Cramer s rule
x+y+tz=6
x-y+z=2
3x+2y—4z =-5.

1 1-1 1 0 0
Solution: WehaveA=1(1 -1 1| =]l -2 0/ =140
3 2 -4 3 -1 7
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6 1 11 |6 1 1
A =2 -1 1)=|4 -2 0]=14

1 6 1] 1 6
A=l 2 1i=lo -4 of=28
3 -5 4 lo 23 -7
11 6/ 1 1 6
A=l -1 2]=]0 -2 -4|=42
3 2 -5 0 -1 -23

Hence, by Cramer’s rule

A A
Hence, the solution is givenby x=1,y=2,z=3.
Example 4: Solve the following system equations with the help of Cramer s rule.
X-4y+5z=-6x+y-2z=-],2x+3y+z=3 [UPTU B. Pharma 2004]
3 4 5
Solution: LetA=|1 1 -21=3(1+6)+4(1+4)+5(3-2)=46=0.
2 3 1
since A # 0, therefore the given system has a unique solution given by

x_y._z_1
A, A, A, A

Now  A,=[-1 1 =2/ byR —R,+4Ry Ry—>R;—3R,.

1

—_

o
o —- o VW

|

9%

10 _73’ =_70+24=—46.

3 6 5
A,={1 -1 =2/ byR,—>R,~3R,Ry—>Ry~2R,
2 5 1
0 -3 11
1 -1 =2 =-
0 7 5

-3 1
7 5

| =52



3 4
A, =T 1
2 3
0 -7
=1 1
0 1
The solution of the given system is
LB 6
A 46

7

Determinants

by R, = R, —3Ry, Ry > Ry -2 R,

l,y=

-7 -3
- =46
4 _ 2

A 46

Hence, the required solutionisx=—1,y=2,z
Example 5: Solve using Cramer s rule
x+y=5y+tz=3z+x=4.

110
Solution: LetA=1{0 1
1 01

1.

I|=1(1-0)-10-1)=1+1=2

anden B
anaz A

46

46

since A # 0, therefore the given systems has a unique solution given by

Now

x
AX

A,

<

P
A,
5
3
4

S

The solution of the given system is

A

X= ——= ==

X

A
Example 6: Solve the following by using Cramer’s rule
x—2y+3z=2,2x-3z=3, x+y+z=6.

0 0

1 -2
Solution: LetA=1{2 0
1 1

3

-3/ =12 4 -9 byR,+2R,,R;—3R,

1

6

2

1

1

’

3

HW N O = -

A,
0
1
1
0
1
1

1

1
A

=6.

-2

-9
-2

‘ =—8+27=19=%0

121

[UPTU B. Pharma 2001, 07!

[UPTU B. Pharma 2002]
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since A # 0, therefore the given system has a unique solution given by

Ay, A, A A
2 -2 31 120
Now A =3 0 -3=[3 3
6 1 17 (6 7
=2 30 +0+5 3 3
7 7 6 7
1 2 3 1 0
A,=12 3 3=]2 -1
1 6 1 1 4
-1 -9
=1 =38
4 2
1 =221 10
A,=12 0 31=1i2
1 1 6 (|1 3
4 —
=1 =16+3=19,
3 4
The solution of the given system is
x = A 5_7=3’ =él
A 19 A

A
=3—8=1and z=—Lt=—
19

5
0 by R, + R, Ry + R,
7

=57.

0
9| by R,~ 2R, R,~ 3R,
-2

0

4 -1l byR,+2R;,Ry~2R,

4

19
A 19“1'

Hence, the required solutionisx=3,y=2,z=1.

Example 7: Find the value of A for which the system of equations x +y—2z = 0, 2x — 3xy +
z =0, x - 5y + 4z = A are consistent and find the solutions for all such values of A.

Solution: The given system of equations is

x—Sy+4z =k (1)
x+y-2z =0 (2)
2x—3y+z =0. ..(3)
1 -5 4 1 -5 4
A=l 1 2/=|0 6 -6 =0.
2 -3 1 0o 7 -7
Hence, system is consistent only when
A, =A,=A,=0.
A -5 4
Now A =10 1 -2/=-5A=0=>A=0.
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For A=0, clearly A,=A,= 0.
.. System is consistent if A =0, then on eliminating x from (1), (2) and (1), (3), we have
6y—6z=0,y—-2z=0
and7y—-7z=0o0ry=z,
Lety=z=k € R, then from (1), we have x = Sk—4k=k.
Hence, solution is givenbyx=y=z=Lk € R,
Example 8: Solve the equations by Cramer s rule

4 3
+ =
x+5 y+7
6 . 6 _ s
x+5 y+7
Solution: The given system of equations is
4 3
+ =_
x+5 y+7
6 6
+ =-5
x+5 y+7
N tti ] a ! b, th tion b
W puttin =a,—— =}, the equa ecomes
owP & x+5 y+7 q
4a+3h =-1
6a—-6b =-S5
4 3
A= =—42:0
6 -6

So by Cramer’s rule

A -4 27 A -4 3
- x+5=-2,y+7=3
or x==7,y=-4.
Hence, the solutionisx=—-7,y=-4.
Example 9: Using Cramer s rule solve the following equations:
x+2y+3z =6
2xt4y+z =17
3x+2y+9z =2
Solution: We have

RS S ]
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6 2 3
A, =117 4 1)=-20
2 29
1 6 3
A = 2 17 1 =-80
3 2 9
1 2 6
A,=12 4 17=-20
32 2
Then by Cramer’s rule, we have
r=fx20
A =20
A, -80
T
z = éi—ﬂ =1
A =20
e EXERCISE 3.2 —

1. (a) Using Cramer’s rule, solve the following equations
T o xty+z=6
2x+y—-z=1
x+y—2z=-3,
(b) x+ty+z=6
x—y+tz=2
3x+2y-9z=-5
2. Find the value of & if the following equation are consistent:
x+ty-3=0
(A+kbx+Q2+ky-8 =0
x-(1+ky+@+k) =0.
3. Find the value of £ if the system of equations
(k+ 1’x+(k+2)y =(k+3)°
(k+Dx+(k+2)y =(k+3)
x+y =1:1is consistent.
4. If the system of equations
x+2y=52x~y=>5,x+3y=6is consistent, solve it.
5. Solve the following by Cramer’s rule
x+y+z =11
2x—6y—~z =0
3x+4y+2z=0.
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6. Show that the system of equation

3x—-y+4z =3
x+2y-3z=-2
6x+5y+Aiz=-3

has at least one solution for any real numbers A. Find the get of soliition if A = - 5.
7. Using Cramer’s rule to solve the following system of linear equations

2x-3y+z="7
2x+y+z=1
4y+3z=-11
ANSWERS
9 21
1. =1,y=2,2=3 (b) x=—,p=2,2= —
@x=1y (b) x 2 ¥ z >
2. k=1or-5/3 3. k=-2 5 x=-8,y=-7,z=26.

REFRESHER e

Do you know? After reading this chapter you should be able to learn the following
conceplts:

o The value of a determinant does not change when rows and ¢olumns are interchanged.

e If any two rows (or columns) of a determinant are inter changed, the sign of the
determinant in changed.

e If two rows or two columns of the determinant are identical, then the value of the
determinant are vanishes.

¢ If all the elements of any row, or any column, of a determinant are multiplied by the
same number, then the determinant is multiplied by that number.

o Ifin a determinant each element in any row (or column) consists of two terms, then the
determinant can be expressed as the sum of two other determinant.

e Ifin a determinant, the elements of a row are added in and » times the corresponding
elements of the another rows (or columns) the value of determinant does not change is
particular

a +mb +nc, b ¢ a b ¢
ay+mby +ncy, by ¢ =la, by o
a;+mby+nc; by o3 a by ¢
Can we do? (Frequently Asked Questions)
1. Without expanding the determinant. show that
0 b —
-b 0 al=0. [UPTU B. Pharma 2002]
¢c —-a 0
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Without expanding the determinant, show that
1 a bc 1 a 02
1 b cal=11 & b*| andevaluateit. [UPTU B. Pharma 2001]
1 ¢ ab 1 ¢ &
Prove that
l+a 1 1
A= 1 1+b 1
1 1 1l+c
= abc (1 + 1 + % + l) =abc+ ab + bc + ca. [UPTU B. Pharma 2004, 06)
a c
Without expanding the determinant show that (a + b + ¢) is 0 factor of the following

determinant
a b c
A=|b ¢ qa.
¢c a b

If a, b, c are positive and unequal. Show that the value of A is always negative.
: " [UPTU B. Pharma 2003}

x-2 2x-3 3x-4

Solve the equations [x—-4 2x-9 3x-16| =0. [UPTU B. Pharma 2007}
x—-8 2x-27 3x-64
l1ad
Provethat |1 & b°|= (a-b)(b-c)(c—a)(atb+o). [UPTU B. Pharma 2005]
1 ¢ ¢
Solve by Cramer’s rule
x—-2y=4,-3x+y=-17. [(UPTU B. Pharma 2001}
Solve using Cramer’s rule
x+y=5,y+z=3,z+x=4. [UPTU B. Pharma 2001, 07]
Solve the following by using Cramer's rule.
x—2y+3z=2,2x—3z=3,x+y+z=6. [UPTU B. Pharma 2002}
Solve the following system of linear equations with the help of Cramer’s rule.
3x—-4y+5y=6,x+y—2z=—1,2x+3y+z=35, [UPTU B. Pharma 2004]
Prove that
1 a®
1 b b= (a-b}b—c)c—a) [UPTU B. Pharma 2008]
1 ¢ ¢

Qaa



